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Abstract-Existing mathematical models and linear stability analyses of their appro- 
priate exact solutions relevant to the paradox of enrichment and Jeans’ criterion, re- 
spectively, are reviewed. The former is concerned with the outcome of a laboratory 
predator-prey mite system on oranges, in which a stable limit-cycle situation was de- 
stabilized upon tripling the food supply of the herbivorous mite, resulting in the extinction 
of both mite species due to overexploitation; while the latter can be used to predict the 
mean distance between adjacent condensations for chains of gravitational instabilities 
occurring in the outer regions of spiral nebulae. Each problem involves a linear hy- 
perbolic partial differential equation: a first-order McKendrick-Von Foerster equation 
for the ecological phenomenon and a second-order wave-type equation for the cos- 
mological one. The results of both analyses are then compared with observables of the 
phenomena under examination. Finally, the chronological development of the mathe- 
matical models and the global implications of linear stability theory in these two in- 
stances are discussed. 
1. INTRODUCTION 
The wave equation 
In the nomenclature of classical partial differential equations, the term “hyperbolic” 
was generally reserved for a particular category of second-order equations[ 11. A prototype 
of this class is a linear homogeneous equation for w(x, t) of the canonical form 
d2W 
2 + a(x, t) 2 + b(x, t)w - ; c2(x t) d” [ ’ A = 0; --oo <x < CQ, t > 0; (l.la) 
where, since (1. la) possesses characteristics satisfying dxldt = + c, c(x, t) > 0 is often 
referred to as the “wave speed” and (l.la) is termed a “wave-type equation”[l, 21. For 
the special case of 
a(x, t) = 0, b(x, t) = 0, c(x, t) = co, (l.lb) 
with initial conditions on w such that 
4x, 0) = f(x), $ (x, 0) = h’(x), (l.lc) 
413 
414 DAVIDJ. WOLLKIND 
the problem of (1.1) possesses a solution given by[2] 
w(x, t) = i[f(x + cot) + f(x - cot)] + 1/(2co) [h(x + cot) - h(xo - cdl, Cl.14 
which represents a traveling wave of speed co, propagating in both the positive- and 
negative-x direction if we consider x = position and t = time. 
The McKendrick-Von Foerster equation 
More recently the classification of hyperbolic partial differential equations has been 
extended to include first-order equations of the canonical form[3] 
dn an 
z + aa = - p(t, a)n, a > 0, (1.2a) 
for n(t, a), where p(t, a) 2 0. Considering t = time and a = age, (1.2a), in conjunction 
with the birth condition 
n(t, 0) = B(t) (1.2b) 
is usually called a McKendrick-Von Foerster equation[3-51. For the special case of a 
constant death or exchange rate 
p(t, a) = PO, (1.2c) 
the problem of (1.2) possesses a solution given by[6] 
n(t, a) = B(t - a) e-&O”. (1.2d) 
There are certain similarities between the solutions of (1. Id) and (1.2d). First of all, both 
have been achieved by the method ofcharacteristics[l]. Secondly, in the instance that 
p. = 0, (1.2d) reduces to 
n(t, a) = B(t - a); (1.2e) 
a solution very similar in form to that of (1 .ld). We shall be concerned, in what follows, 
with the application of those equations just described to phenomenological modeling. 
An ecological and a cosmological model 
In Sections 2 and 3 we show how hyperbolic partial differential equations of the form 
of (1.2) and (1. l), respectively, have been used to model an ecological and a cosmological 
phenomena. Section 2 deals with the paradox of enrichment for arthropod predator-prey 
systems, while in Section 3 we are concerned with Jeans’ criterion for the gravitational 
instability of nebulae. Although our approach in the next two sections is basically one of 
review of already existing mathematical models and linear stability analyses of their ap- 
propriate exact solutions relevant to these phenomena, we include some subtle features 
of procedure and interpretation not found in previous work-e.g. our own[6] in the case 
of Section 2 and that of Field[7] in Section 3. Then in Section 4 we extend these analyses 
by explicitly comparing the linear results of Sections 2 and 3 with observables of the 
phenomena and conjecturing about the global implications of linear stability theory in 
each instance. We conclude with a discussion of the chronology of model development 
and the general philosophy of mathematical modeling as applied to these phenomena. 
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Background 
Two decades ago, Huffaker et a1.[8] conducted laboratory experiments involving the 
herbivorous six-spotted mite Eotetranychus sexmaculatus Riley feeding on oranges while, 
in turn, being preyed upon by the carnivorous mite Metaseiulus occidentalis Nesbitt in 
a controlled environment of carefully constructed cabinets. They[8] observed that uni- 
verses composed of a particular tixed amount of oranges gave rise to stable limit-cycle 
behavior in which the oscillating population densities of the two mite species tended to 
persist in ecological time. Then Huffaker et al.[S] were able to destabilize this situation 
by tripling the food supply available to the herbivorous mite. The interaction in each 
instance of the enriched universe was brought to a halt after only a single cycle, because 
predator overexploitation had reduced the prey population to such an extremely low level 
that the predator did not stand an appreciable chance of survival[8]. 
Rosenzweig[9] modeled such exploitation by considering two-species differential equa- 
tion systems with no intraspecific predator interaction (nonsquabbling predator) and with 
the prey limited by their environment to a finite carrying capacity which was an increasing 
function of their food supply. On the basis of numerical studies of the governing system 
of differential equations for a series of models, Rosenzweig[9] showed it was possible to 
destabilize an initially stable steady-state situation by increasing the food supply of the 
herbivore sufficiently to result in the simulated extinction of both species. Further, by 
performing a linear stability analysis on the community equilibrium point of his differential 
equation systems, Rosenzweig[ lo] demonstrated such a paradox of enrichment could not 
occur for a predator which exhibited strong intraspecific competition. The result of en- 
richment in the latter instance was a new stable community equilibrium point with higher 
population density levels for both species. In order to devise a model which would predict 
the occurrence of a paradox of enrichment for this case, it was necessary for us[6] to 
incorporate the effect of age structure in the predator population. Then a linear stability 
analysis of the community equilibrium point of this differential-integral equation system 
resulted in the possibility of a paradox of enrichment occurring even for such intraspecific 
carnivore competitionl61. After summarizing the results of those analyses in this section, 
we shall explicitly compare these results in Section 4 with the experimental observations 
of Huffaker et a1.[8] and make a similar comparison of an age-structure model which 
includes the effects of passive diffusion in the predator population[6] as well. 
The model 
In particular, we let H(t) represent the population density of herbivores, the prey, at 
time t, and let C(t) be the population density of carnivores, or predators. We concentrate 
on the effects of age structure, of a simple kind, in the predator population, in a predator- 
prey system which allows for the possibility of passive diffusion and intraspecific carnivore 
interaction. Then the resulting model takes the form[6] 
dH 
- = r(H)H - Cf(H) - DI(H - Ho) 
dt 
and 
.’ 
C(t) - Co = e-D*r 
I ,l, i&W, 03s) - CO> eDzs ds, (2.lb) 
(2.la) 
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where r(H) is the intrinsic rate of increase of the prey, f(H) is the functional response 
of the predator, r2 is a measure of the intrinsic capacity of the predator to increase, and 
g(H, C) represents the conversion of prey into predator births. Here Dr and D2 are the 
positive exchange (or passive diffusion) coefficients and (If,,, C,) is the community equi- 
librium point satisfying 
F(Ho, Co) = 0 and G(Ho, Co) = Co, (2.2a) 
where 
F(H, C) = r(H)H - Cf(H) and G(H, C) = rzg(H, C)C. (2.2b) 
Note that in (2.1) we have chosen the time scale so that the lifetime of the predator is 
one unit. Further, (2. lb) has been derived[6] from the following McKendrick-Von Foerster 
equation[4, 51 for d(a, t), the population density of carnivores of age a at time t, where 
we have chosen the same scale for age and time: 
ac ac 
dt + z = -D& - Co), O<a<l, (2.3a) 
t(O, r> = [G(H, C)l(f); (2.3b) 
and the relationship 
C(t) = L’ f&z, t) da. (2.4) 
This is a generalization of an arthropod age-structure model that was developed in Woll- 
kind et a/.[1 I] and was inspired by earlier models[l2] of the interaction between the 
McDaniel spider mite Tetranychus mcdaniefi McGregor, a pest on apple tree foliage, and 
M. occidentalis (see Fig. 1). 
The passive-diffusion effect has been patterned after a model for double diffusive con- 
vection due to Siegmann and Rubenfeld[ 131, wherein fluid in a tube is allowed to exchange 
heat and solute with a bath of constant properties at a rate porportional to the difference 
between the quantities in the tube and the bath. Further, in what follows, we shall neglect 
passive diffusion in the prey by taking D1 = 0 since, in systems such as the one under 
examination where the prey cannot be carried on their silken strands by the wind over 
great distances, the predator (which lacks this mechanism) has greater vagility being better 
adapted to crawling as a means of locomotion[81. 
The linear stability results 
One of the simpler ways to represent the community equilibrium point of (2.2) graph- 
ically is to plot the isoclines of (2.1) simultaneously on a two-dimensional graph in the 
H-C plane[l4]. The herbivore isocline is the locus of those H and C that satisfy the 
condition F(H, C) = 0, while the carnivore isocline satisfies the companion condition 
G(H, C) = C. The point of intersection of these two curves represents the community 
equilibrium point as depicted in Fig. 2(a). Although the functions contained in F and G 
need only have a generic form which yields isoclines of the shape indicated in that figure, 
there is some merit in offering an explicit representation for them, especially in regard to 
those researchers interested in using the model for the purposes of numerical simulation. 
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Fig. I. An artist’s (W. G. Wiles) impression of the attack by the predacious mite Metaseiulus occidentdis on 
the spider mite pest Tetranychus mcdunieli occurring upon an apple leaf (courtesy of S. C. Hoyt, the Fred L. 
Overly Laboratory, Tree Fruit Research Center, Washington State University, Wenatchee, Washington). 
Toward that end we take r(H), f(H) and g(H, C) of the form[l5] 
and 
r(H) = r,(l - H/K), f(H) = uH/(H + b,) 
g(H, C) = HI(H + bz + bgrZ2), (2Sa) 
where 
rt, K, a > 0, O<b,<K and O<b2<(r2 - 1)K for r2 > 1. (2.5b) 
A linear stability analysis of the identical community equilibrium point as that of (2.2) 
for an analogous differential equation system without either age structure or passive dif- 
fusion-i.e. 
dH 
- = F(H, C) 
dt 
(2.6a) 
and 
dC -= 
dt 
-C + G(H, C) (2.6b) 
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Fig. 2. (a) A schematic plot of the prey and predator isoclines relevant to the paradox of enrichment showing 
the effect of increasing the prey carrying capacity from K, to Kz on the community equilibrium point (intersection 
of isoclines) for no intraspecific carnivore interaction (vertical line orb, = 0) and for strong intraspecific carnivore 
competition (h3 b 0). Here K = KU corresponds to k, = 0. (b) The stability region (shading) in the k&l plane 
for the analogous differential equation model with CY = p. Here the points numbered i (corresponding to K = 
K,) joined by arrows represent behavior upon enrichment. 
yielded the stability region graphed in Fig. 2(b)[14], where A is the growth rate of the 
perturbation quantities, while (Y = -(I~FIX)(H~, Co) and p = (~GlSI)(ZA, C,) are the 
exploitation parameters assumed to be positive, and k, and kZ are equal to the slope of 
the herbivore’s victim isocline in the H-C plane and the slope of the carnivore’s predator 
isocline in the C-H plane, respectively, evaluated at the community equilibrium point. 
Oberve from an examination of the kl axis in Fig. 2(b) that when kZ = 0 (b3 = 0) there 
will be local stability of the community equilibrium point provided k, < 0. Given this 
stability criterion and consistent with his earlier numerical studies[9], Rosenzweig[lOl 
concluded that a nonsquabbling-predator exploitation system which originally had a prey 
carrying capacity Kr corresponding to a kl < 0 could be destabilized by enriching the 
food source of the prey sufficiently so that the new carrying capacity Kz would correspond 
to a kl > 0 (see the vertical b3 = 0 isocline of Fig. 2). However, for intraspecific carnivore 
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interaction of a strongly competitive nature (kz > 0 and b3 sufficiently large), Rosen- 
zweig[lO] found that enrichment inevitably resulted in a new stable (ki < 0) community 
equilibrium point with higher population density levels for both species (see the bj % 0 
isolcline of Fig. 2) since the fourth quadrant of the k2-kl plane lies entirely within the 
stability region of Fig. 2(b). 
As has just been demonstrated, the paradox of enrichment can occur most readily for 
a differential equation model when there is a nonsquabbling predator (vertical isocline) 
and cannot occur at all for a predator which exhibits sufficiently strong intraspecific 
competition. It is natural then to ask how this restriction compares with the experimental 
findings of Huffaker et a1.[8]. In universes with the greater food supply, the mean prey 
density averaged 1250 per cabinet, as compared with the corresponding density of 500 
for the stable universes with one-third the food supply. Observe that a vertical predator 
isocline would have required that all equilibrium points have identical prey densities. 
Further, the peak prey and predator densities per cabinet averaged 900 and 17, respec- 
tively, for the stable universes, as compared with the corresponding densities of 2500 and 
98 for the enriched universes. Hence the population-density data for this experiment 
(a 1 
(b) 
Fig. 3. (a) The stability region (shading) in the .4&1 plane corresponding to Fig. 2(b) for the age-structure model 
with a = p = 4.5 and DI = DZ = 0. (b) The same interpretation as (a) except that D2 = 1.0. 
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suggest a nonvertical predator isocline of a strongly competitive nature [see Fig. 2(a)]. 
This might be termed “the paradox ” in the paradox of enrichment. 
In order to determine conditions under which the paradox of enrichment can occur for 
this case, we[6] performed a linear stability analysis on the critical point for (2.1). The 
results of that analysis are summarized for (Y = p = 4.5 and D, = 0 in Fig. 3(a), when 
DZ = 0, and in Fig. 3(b), when D2 = 1[6]. Upon examining Fig. 3(a), we see that the 
destabilizing effect of age structure now makes it possible to extend the paradox of en- 
richment to the case of b3 9 0. For (Y = B = 4.5, or more generally for o$ > 2~‘, there 
can be instability provided k, > - d/2@ - 4a2/(u which is the horizontal asymptote in 
Fig. 3(a). Hence our age-structure model admits the possibility of the paradox of enrich- 
ment occurring in the presence of strong intraspecific carnivore competition and that 
possibility becomes greater as the parameter crp, a measure of interspecific interaction, 
increases [see Fig. 3(a)]. After redeveloping Jeans’ criterion in Section 3, we shall examine 
these results in more detail in Section 4. 
3. JEANS’ CRITERION 
Background 
Jeans[l6, 171 deduced a criterion for which a self-gravitating unbounded cloud of is- 
entropic gas, initially uniform in density and quiescent, would exhibit instabilities. Per- 
forming a linear stability analysis on what he assumed to be an exact solution for his 
governing system of equations, Jeans[l6, 171 arrived at the following secular equation 
satisfied by cr = growth rate and A = wavelength of his small density fluctations 
cr’ = 4ri(Gpo - &lh’), (3.1) 
where G = universal gravitational constant, and co = speed of sound in a medium of basic 
density po. This relation differed from that for sound waves in an homogeneous medium 
only by the presence of the gravity term in (3.1). Then, from (3.1), he concluded that 
there would be instability provided 
(3.2) 
This formula has been termed “Jeans’ criterion” for gravitational instability and is of 
fundamental importance in astrophysics and cosmology where many important deductions 
concerning the formation of galaxies and stars have been made from it[7, 17, 181. 
In (3.2) the density, and hence the pressure, are assumed to be uniform throughout the 
gas. Unfortunately, when gravity is taken into account, the equations of hydrostratic 
equilibrium are incompatible with such an assumption[7, 181. Thus Jeans’ exact “sohttion” 
was not even a solution to his governing equations in the first place. Fortunately, stilt 
using a Newtonian model, it is possible to retrieve Jeans’ criterion with just a slight 
reinterpretation of the quantities p. and c0 appearing therein[7, 181. To do so, it is only 
necessary to consider a linear theory of density perturbations in an expanding universe, 
and in what follows we shall present the approach of Bonnor[l8] with modifications as 
introduced by Field[7]. Since in this instance the hyperbolic partial differential equation 
results from the linear stability analysis, we shall present that analysis in greater depth 
than we did in the previous section. 
The model 
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Assuming spherical symmetry the governing hydrodynamical equations for a self-grav- 
itating unbounded cloud of isentropic gas are given by[7, 181 
DP yjy + 5 p (rZu) = 0, 
DU -= 
Dt 
- ; V’(P) $ + g, 
-$ i (r*g) = -47rGp, 
where 
D dfu2 
Ot = at & ’ 
Q(P) = kPY. 
(3.3a) 
(3.3b) 
(3.3c) 
(3.3d) 
Here p = density, u = radial component of velocity, and g = radial gravitational accel- 
eration; all depend only on r = radial coordinate and t = time. There exists an exact 
solution of these equations of the form[7] 
where 
RI 
[ 1 
3 
P = PO(t) = PI R(t) , 
u = uo(r, t) = j& l?(t), 
g = go@, t) = &) m, 
R(t) = R, (6rGp, t2)“3, 
(3.4a) 
(3.4b) 
(3.4c) 
(3.4d) 
and 
RI = R(t,), PI = Pdtl) for tl = (67rG~t)-“~. (3.4e) 
This represents the situation of a uniformly expanding gas with zero total energy E Per 
unit mass]191 since for R(t) satisfying (3.4d) 
E = ;ri2 - G@JItR) = 0, (3.5a) 
where 
9.X = $rR:p, = +rrR3p:, (3.5b) 
the total mass of fluid inside a sphere of radius R, is invariant as a consequence of relation 
(3.4a). Although this formulation is equivalent to those presented in [71 and [181, it differs 
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in certain particulars from them especially as regards the time t, which had been left 
undefined in [7]. 
The linear stability results 
We now perform a linear stability analysis on this exact solution of (3.4) by considering 
a nondimensionalized solution of our basic system of equations of the form 
p/p0 = 1 + ES(X, 7) + O(e2), 
u/z? = X + EU(X, 7) + O(2), 
g/R = x + Ef(X, 7) + 0(E2), 
(3.6a) 
(3.6b) 
(3.6~) 
where 
r 
X=R(t)’ 
7=t=wt 
tl 
(3.6d) 
and 
(E/.+1. (3.6e) 
Now substituting (3.6) into (3.3a)-(3.3d) and neglecting terms of O(E*), while noting that 
R(t) = H(7) where H(T) = R,T 213 , k(t) = %4zgG H’(T), 
k(t) = 6riGprE_r’(T), 
; = VGGG [g + E 2 v(x, 7) ; + O(2)] ) (3.7) 
we obtain the following system of dimensionless perturbation equations 
Hz + $ ; (x*H’u) = 0, 
kwi- ’ 2 + H,,f 
6rrGp,Hdx ’ 
(3.8b) 
f i (x2H”f) = - F s. (3.8~) 
(3.8a) 
Operating on (3.8a) with a/& + H’IH and substituting (3.8b) and (3.8~) yields 
(a + $)O] 
=H($++$ +$-f[x2(H”f-;$;$)] 
$+2~~_$& kyp;-’ 1 a x2e -- = 0. (3.9) 
1 6~Gp, Hz x2 ax ( )I ax 
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Observing from (3.4) and (3.7) that 
H’ 2 PO 1 bYi! ~ ’ -=- kyp:-’ 1 _=- 
H 37 ’ pi G’ 
=--- 
H’ Rf T3Y - 113) 
and defining cr. the speed of sound in a medium with density n,. by 
423 
(3.10) 
(3. II) 
we deduce the following wave-type equation from (3.9): 
a’s 4as 2 cf I 
a7’+37;)7-3.y- ~-- 6nGp, R; T”? - l/3’ x2 ax 
0 
7 
(3.12) 
satisfied by the condensation S. The derivation of (3.12) just completed is a nondimen- 
sionalized version of the one presented by Field[7]. The advantage of nondimensionali- 
zation in this context is that now the exact solution, represented by the O(1) terms in 
(3.6), is steady-state in our dimensionless variables, which is convenient for the purposes 
of linear stability theory. 
Then seeking a solution of (3.12) of the forml7, IS] 
Sin( KX) 
s(.\., T) = A(T) ~ 
K.l’ ’ 
we obtain the following amplitude equation satisfied by A(T): 
Considering the special case in which the equation of state is [S] 
q(p) = /+4’3 or y = 413 
and defining the dimensional wavelength of the disturbance by[7] 
h=R,Tr 
K ’ 
(3.14) reduces to the following Euler equation in A(T): 
T2 t$ + ;T$ + ;(a - 1)A = 0, 
7 
where 
a _ dn 
Gp,h' ’ 
Seeking a solution of (3.16) of the form 
(3.13) 
(3.14) 
(3.15a) 
(3.15b) 
(3.16a) 
(3.16b) 
A(T) = TV, (3.17a) 
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we find n satisfies the following quadratic 
n' + f + i(0 - 1) = 0. (3.17b) 
Since solutions of the form of (3.17a) are stable provided Re n < 0 for both roots satisfying 
(3.17b) and quadratics of the form 
n'+a_n+p=O (3. lga) 
have Re n < 0 if and only if1201 
(Y > 0, P > 0, (3.18b) 
from (3.17b) and (3.18) we have instability if and only if 
n < 1, (3.19a) 
or equivalently, making use of (3.16b), our instability criterion becomes 
i > 
I/2 
X>h,=c, L . 
GPl 
(3.19b) 
Hence, upon identifying the cl and pI appearing in (3.19b) with co and p. of (3.2), we 
recover Jeans’ original criterion. In the next section we shall examine how this criterion 
may be applied to gravitational instabilities occurring in the outer regions of spiral nebulae 
and resulting in the formation of chains of condensations which eventually develop into 
stars (see Fig. 4). 
Fig. 4. An outer region of the Andromeda nebula M31 showing resolution into stars (courtesy of National Optical 
Astronomy Observatories). 
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4. DISCUSSION AND CONCLUSIONS 
42s 
The puradox of enrichment 
We begin this section by returning to the paradox of enrichment of Section 2 and 
discussing the global stability behavior of our community equilibrium point of system 
(2.1). In that context we first observe that although there is a tendency simply to dismiss 
an equilibrium point of the analogous differential equation system of (2.6) as unstable if 
it is characterized by isoclines with slopes not contained in the linear stability region of 
Fig. 2(b), often such predator-prey systems possess either a globally stable equilibrium 
point (node) or a stable limit cycle, provided they satisfy Kolmogorov’s theorem, which 
is the case for b3 = 0, as pointed out by May[lS]. If however this limit-cycle behavior is 
severe enough to carry predator or prey densities very low, numerical computer studies 
of the models will simulate extinction, which was the case for Rosenzweig’s workl91. This 
is reasonable biologically because in that event demographic or environmental stochastic 
features will eventually cause extinction to occur[ 151. In such cases the existence of a 
stable limit cycle has no biological relevance. Despite being christened by Rosenzweigl91 
originally, this transition of a predator-prey differential equation system from a stable 
equilibrium point to a stable limit cycle triggered by an increase in environmental carrying 
capacity was first noted by May[lS]. It is most likely, however, that “the paradox of 
enrichment” actually observed by Huffaker et a/.(8] can best be described as a stable 
limit cycle being carried upon enrichment to more severe limit-cycle behavior exhibiting 
drastic oscillations. To demonstrate conclusively that there is such limit-cycle behavior 
in the neighborhood of linearly unstable equilibrium points for our age-structure model 
of Fig. 3(a)-e.g. for K,. < K < Kz where K = K,. corresponds to A = i0, it would be 
necessary for us to perform numerical and analytical investigations of that system in this 
regime. At present, due to the similarity of our system of (2.1) with those differential- 
difference and integro-differential equations for which Kazarinoff et ~I.[211 showed the 
existence of stable periodic solutions, we tentatively (but with some confidence) identify 
this regime with such limit-cycle behavior controlled by the Hopf bifurcation parameter 
K[21, 221. 
We close this particular discussion by noting that Huffaker et &.[8] conjectured that 
the paradox of enrichment was merely a reflection of the fact that there was too little 
spatial heterogeneity in a particular environment. They observed that an increase of the 
food supply to the herbivore if accompanied by a corresponding increase in the ability of 
the carnivore to disperse by virtue of a more complex spatially heterogeneous environment 
resulted in a stabilization of their system@]. This stabilization was characterized by higher 
prey minimums and lower prey maximums. Concentrating on predator dispersion, a pro- 
cess for which passive diffusion serves as a simplistic first approximation[23], for the case 
of maximal age-structure destabilization when cxP > 2n2[6], we can see from Fig. 3(b) 
that such diffusion tends to offset this destabilizing effect enough for the stability region 
to appear quite similar to that of Fig. 2(b) for the differential equation model. Hence for 
large values of DZ it is extremely unlikely that the paradox of enrichment can occur for 
a predator exhibiting strong intraspecific competition. This, as mentioned above, is in 
accordance with the conjecture of Huffaker et af.[8]. 
Jeans’ criterion 
We now turn to Jeans’ criterion and discuss its applicability to the study of gravitational 
instabilities occurring in the outer regions of spiral nebulae. Taking Jeans’ criterion in the 
form of (3.19b), we first identify pl with the unperturbed density of the medium at the 
initial time tl , and then CI corresponds to the speed of sound in a medium of that density. 
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In this context it is instructive to note that for[l7] 
G = 6.66 x 10e8 cm3/gm-see* and p1 = lo-** gm/cm3, 
a typical density value for the outer regions of spiral nebulae, our initial time 
(4.1) 
ti = (6lTGp1)-“2 = 8.9 x lOi set = 2.8 x lo6 yr, 
since 1 yr = 3.156 x lo7 set, which is quite small in comparison with 
universe as predicted by[24] 
To = j$ = 13 x lo9 yr, 
(4.2) 
the age of the 
(4.3) 
where 
Ho = Hubble’s constant. 
At this point there seems to be some merit in quoting Jeans’ himself on his suggested 
interpretation of the criterion now bearing his name[l7]: “A medium of dimensions much 
greater than A,. would tend to form condensations whose mean distance apart would be 
comparable with A,.” It is this above-quoted statement of Jeans that possibly has far- 
reaching consequences for linear stability theory. In order to understand why this is so, 
we begin by calculating A, appropriate for the outer regions of spiral nebulae and then 
comparing it with actual data. After Jeans[l7], we first note that 
cf = qj’(p,) = $q-’ = yf where pI = Wpl) (4.4a) 
and then use the kinetic relation[l7] 
PI -= w, (4.4b) 
Pi 
where U* is the mean of the squared velocity of the particles of which the medium is 
formed, in order to express the h, of (3.19b) as 
(4.5) 
Then taking[ 171 
U = 104 cmlsec, (4.6) 
using the values of G and pl from (4.1) and putting y = 4/3, which is consistent with both 
our development of Section 3 and the fact that Bonnor[l8] used an identical equation of 
state in order to estimate the behavior of an expanding model filled with diatomic hy- 
drogen, (4.5) gives 
A, = 4.58 x lo’* cm = 1.48 pc, (4.7) 
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since 1 pc = 3.09 x 1018 cm. This compares quite favorably with the mean distance 
between actual adjacent condensations in the outer region of the Andromeda nebula (see 
Fig. 4) since, in that part of M31, chains of condensations can be observed at about 1 set 
of arc apart and, from a distance of 285,000 pc, 1 set of arc represents an actual distance 
of 1.4 pc or somewhat more if allowances are made for foreshortening[ 171. This differs 
from the approach of Jeans[l7] in which y was taken to be equal to 5/3 in (4.5). 
Jeans’ contention, quoted above, seems in fact to be the first instance in which what 
Langer[25] terms as the marginal stability hypothesis was stated explicitly. This particular 
concept has been publicized recently by Langer both in the technical[25] and the popu- 
lar[26] scientific literature. It refers to the conjecture that, for certain nonlinear dynamical 
systems possessing propagating patterns of instabilities, the propagation speed and the 
wavelength of the pattern are selected by that parameter value for which the linearized 
system exhibits a state of neutral stability for its most dangerous mode. In Jeans’ case 
that meant X = A,, as defined by (3.2), since this would then imply that (T = 0 in (3.1). 
For the modified analysis of Section 3, it means Ln = 1, since in that instance the most 
dangerous mode- i.e. that value of IZ with largest real part-corresponds to n = 0 from 
(3.17b). Of course, as we have shown, both of these conditions are equivalent. In spite 
of the fact that it would be extremely convenient to have a marginal stability principle of 
the sort described above operative for a given system and, indeed, that Aronson and 
Weinberger[27] have, in effect, proved such a principle to be valid for a particular model 
equation, nevertheless, one should bear in mind the following admonishment recently 
offered by Langer[28]: 
Although the marginal stability hypothesis has been used with some success in various appli- 
cations during the last six years or so, until very recently there has been little progress in under- 
standing it from a deeper theoretical point of view. We still do not know when, if ever, it is correct. 
It might be an exact result; it might be an approximation accurate for small values of some parameter; 
or it might simply be wrong. 
Obviously, more analysis of the full nonlinear system of (3.3) is needed in order to de- 
termine which of these possibilities is true for this case. 
General modeling philosophy 
We conclude with a comparison of our two phenomena from a general modeling point 
of view. For the paradox of enrichment, the data came first in that Huffaker et af.[8] 
conducted their experiments prior to any suggestion by theoretical population dynamicists 
that such an event could transpire. Rosenzweig’s pioneering work[9, lo] showed that such 
an occurrence was compatible with a differential equation model, provided there was no 
intraspecific carnivore interaction. Our recent work[6] involving carnivore age-structure 
has extended that possibility to carnivores exhibiting strong intraspecific competition. 
Here, in this paper, we have offered the suggestion that limit-cycle behavior in conjunction 
with dispersion may be a more realistic mechanism for this sort of instability when com- 
pared with the original experimental data. Hence we have come full circle. For Jeans’ 
criterion, Jeans’ theoretical prediction of 1902[16] preceded everything else, and at that 
time there was no data available to test that prediction. When, in 1924, Hubble, using 
photographic techniques, actually succeeded in resolving the outer regions of the Androm- 
eda nebula into individual stars1241, Jeans had his data[l71. The only trouble was that, 
as we have seen, his analysis was incorrect. His criterion for gravitational instability, 
however, can still be shown to be valid as Bonnor[l8] and Field[7] have demonstrated. 
In order to apply the criterion to Hubble’s data, as we have pointed out in this paper, it 
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is still necessary to adopt some type of theory of marginal stability, an idea whose time 
seems to have come more than 50 years after it was first posed by Jeans. Finally, the two 
examples offered here show the impressive versatility that hyperbolic partial-differential 
equations as represented by the McKendrick-Von Foerster equation and the wave equa- 
tion, respectively, have enjoyed in modeling phenomena. Indeed, in the latter instance, 
an analog of Jeans’ criterion has even been applied to a geophysical rock-folding 
phenomenon[29]. 
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